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Key Points:

¢ The generalized extreme value distribution cannot be rejected as an appropriate
statistical model for extreme temperatures over land.

« We find no statistically significant trend in global extreme temperature relative
to the mean; we do find significant regional trends.

 Variability contributes more to extreme temperature bias between CMIP6 mod-

els and reanalysis than the mean-state for large fractions of land.
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Abstract

Heat waves are among the most damaging consequences of climate change, yet how the
distribution of extreme temperatures is changing remains unclear. Here, we show that
the generalized extreme value distribution is fit-for-purpose to analyze extreme temper-
atures over land. We find that there is no statistically significant trend in global max-
imum temperatures relative to the mean in the reanalysis record. However, we do find
statistically significant regional trends: about 14% of the land surface has a statistically
significant positive trend relative to the mean, and about 17% of the land surface has

a significant negative trend. We show that climate models struggle to reproduce the dis-
tributional characteristics of extreme temperatures found in reanalysis, other than the
distributional mean. Finally, we find that biases in the variability, rather than the mean-
state, of the extreme temperature distribution dominate biases in projections of extreme

temperature risk over large fractions of the land surface.

Plain Language Summary

Heat waves have deleterious impacts on wellbeing, and these impacts are expected
to grow with climate change. However, how and where the distribution of extreme tem-
peratures is changing over time in response to increased greenhouse gas emissions remains
unclear. In this paper, we develop a well-posed statistical framework, based on extreme
value theory, to study changes in the extreme temperature distribution both at a global
and regional level. Using our model, we argue that, in the reanalysis record, the global
average heat wave is not growing faster than global average temperatures; however, this
global perspective glosses over important regional heterogeneities, where in some loca-
tions the growth rate of the average heat wave is outpacing the growth rate of average
temperatures. We then show that climate models struggle to reproduce the regional pat-
tern of heat wave distribution characteristics outside of the distribution mean. Finally,
we quantify the relative importance of variability and the mean-state in determining bi-
ases in extreme temperature risk between climate models and reanalysis. We find that,
in both the historical record and when projecting extreme temperature risk into the fu-
ture, bias in variability dominates the influence of bias in the mean-state over large frac-

tions of the land surface.
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1 Introduction

Heat waves are one of the most destructive weather events associated with climate
impacts (Carleton & Hsiang, 2016; Rennert et al., 2022). As global temperatures rise
from continued greenhouse gas emissions, heat waves become increasingly common, with
potentially substantive impacts (Fischer et al., 2021). Heat waves can become more likely
in a changing climate for two reasons: (1) the preindustrial distribution of temperatures
is shifted to be warmer, leading to more heat waves despite no change in the shape of
the underlying distribution, and (2) the upper tail of the temperature distribution is “stretch-
ing”, making extremes more likely even after taking distribution shifts into account. The

former effect is often referred to as “mean-shifting”.

Prior work on trends in extreme temperatures in both the observational record and
in climate models has highlighted both global and regional effects. McKinnon et al. (2024)
leverage a non-parametric approach to argue that global maximum temperatures are not
warming faster than the summertime median, implying only a “mean-shifting” effect and
no “tail-stretching” of the warm tail. Regionally there has been both non-parametric sta-
tistical evidence (Kornhuber et al., 2024) and dynamical evidence (Patterson, 2023; Vau-
tard et al., 2023) for “tail-stretching”, particularly in western Europe. However, McKinnon
et al. (2024) found very scarce statistically significant regional evidence of “tail-stretching”.
Many studies have further found that climate models tend to underestimate changes in
extremes (Kornhuber et al., 2024; McKinnon et al., 2024) for reasons such as a too-weak
meridional temperature gradient (Patterson, 2023) or a lacking representation of long-

term aerosol changes (Schumacher et al., 2024).

Each of the statistical studies mentioned above uses non-parametric statistical tech-
niques, a class of statistical methods that forego assuming a functional form for the dis-
tribution of the data that they analyze. This can be appealing as data sparsity can make
determining what distributional model is appropriate difficult. However, if using a par-
ticular functional form is justified based on both (a) the process that generated the data
and (b) its ability to reproduce the variability in the data it is used to model, a para-
metric approach can elucidate patterns in the data that a non-parametric approach misses.
For instance, if the total measurement error for some observable quantity is the sum of
many independent random processes, the Central Limit Theorem suggests that these er-

rors should be Gaussian. If the residuals of a regression of those data are also Gaussian,
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an Ordinary Least Squares (OLS) regression of those data may detect a significant slope
that a rank-based regression may miss (due to the additional power of specifying a like-

lihood function implicitly in the OLS regression).

A conventional parametric way to analyze extreme statistics is extreme value the-
ory, and in particular, the generalized extreme value (GEV) distribution. The GEV has
been used in a wide variety of settings ranging from finance (Rocco, 2014) to engineer-
ing (Chowdhury et al., 1991), and has been utilized in a number of climate-related stud-
ies (Katz, 2010; Huang et al., 2016; Philip et al., 2020; Wehner et al., 2020; Kim et al.,
2020; Fischer et al., 2021; Li et al., 2021; Griindemann et al., 2022; Wang et al., 2022;
Thompson et al., 2023; Cael et al., 2024). Despite its use in many studies in the climate
literature, however, the GEV distribution has not yet been verified as a fit-for-purpose

model for the distribution of extreme temperatures over land.

Here, we show that the GEV distribution can be utilized to analyze extreme tem-
peratures, and use it to understand changes in the distribution of extreme temperatures

over land. Our paper makes three contributions.

The first is a rigorous statistical test that verifies the GEV distribution cannot be
rejected as an appropriate parametric model for the distribution of temperature extremes
over land. While many previous studies have utilized the GEV distribution to quantify
climate risk, none of them carried out such a test to qualify their analysis. Our analy-
sis rigorously verifies the approach of not only our study, but previous studies as well (e.g.,

Wehner et al., 2020; Kim et al., 2020; Thompson et al., 2023).

Our second contribution is to quantify the characteristics of the extreme temper-
ature distribution in reanalysis and probe how and where these characteristics are chang-
ing. While our results agree with those of McKinnon et al. (2024) and indicate no sta-
tistically significant evidence of “tail-stretching” globally, we also uncover significant re-
gional heterogeneity (Kornhuber et al., 2024). We find that some regions like western

Europe (Vautard et al., 2023; Schumacher et al., 2024) have significant positive trends

in distributional characteristics (14% of land), and some regions, like the midwestern United

States (Singh et al., 2023), have negative trends (17% of land).

Finally, we quantify biases in climate model representations of extreme tempera-

tures by comparing the distributional characteristics of the GEV when fit to climate model
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output against the reanalysis. We find that climate models tend to reproduce the spa-
tial pattern of the distributional mean quite well, though there is some bias in the in-
tensity of the average maximum temperature. We further find that climate models strug-
gle to reproduce the spatial pattern of variability in the extreme temperature distribu-
tion, as well as nonstationary features in the distribution. We diagnose the relative im-
portance of these biases by comparing whether the mean-state or variability dominates
biases in return levels for extreme heat, both in the historical record and in 2050. We
find large areas where variability dominates bias, while in other areas the mean-state is
more important, and comment on potential mechanisms that would give rise to these pat-

terns.

2 Materials and Methods
2.1 Data

We utilize the 1° x 1° gridded ERA5 reanalysis product for global data on two-
meter air temperature (Hersbach et al., 2020). We use the reanalysis product to com-

pute daily mean annual maxima and daily mean annual means, and apply the ERA5 land

mask to exclude oceans. We analyze reanalysis data over the modern satellite era (1979-2024)

owing to the sparsity of in situ measurements of temperature prior to 1979 (McKinnon
et al., 2024). Our results are unchanged if 1950-1978 are included (Supporting Informa-

tion).

We analyze three measures of extreme temperatures: the raw annual maximum tem-
perature, the annual maximum temperature relative to the long-term trend in the an-
nual mean temperature, and the annual maximum temperature relative to the annual
mean temperature in the same year. Of course, there exist a number of additional def-
initions of extreme heat (Robinson, 2001; Klein Tank et al., 2009; Perkins & Alexander,
2013). We follow Thompson et al. (2023) in focusing on annual maximum temperature
given that our study is global in scope, keeping in mind that for regional studies, other

metrics might be better suited (Van Oldenborgh et al., 2018).

We utilize 29 models in the CMIP6 ensemble (Eyring et al., 2016) to test if the ex-
treme value statistics of extreme temperatures in climate models agree with reanalysis.
To ensure coverage over 1979-2024, we merge historical runs (providing data from 1979-

2014) with SSP5-8.5 future projections (providing data for 2015-2024). Using SSP5—
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8.5 is not expected to bias our results (relative to using, say, SSP2-4.5) as CO2 concen-
tration levels for each scenario do not significantly diverge over this period (the differ-
ence in 2024 is &~ 2 ppm; Riahi et al., 2017). We use the same algorithm applied to the
reanalysis dataset to process CMIP6 model output. In a sensitivity test, we utilize 36

AMIP simulations over 1979-2014 (Gates et al., 1999).

For our experiments that utilize each climate model in our ensemble (n = 29 for
CMIP6 and n = 36 for AMIP), we select one model initialization per model to sam-
ple inter-model uncertainty. We also select each initialization of four models to sample
internal climate variability. For a table of utilized models and member IDs, see the Sup-

porting Information.

2.2 Statistical Theory
2.2.1 Kuiper Statistic

Our null hypothesis is that the GEV distribution is fit-for-purpose for analyzing
temperature extremes over land. To test our null hypothesis, we utilize the Kuiper statis-
tic, a generalization of the Kolmogorov—Smirnov statistic. The Kuiper statistic is defined
as the sum of the maximum distance between the empirical cumulative distribution func-
tion (CDF) of a random variable z, E(x), and the modeled CDF, H(x), as taken from
both sides of the CDFs,

V= max [E(z) — H(z)] + max [H(z) — E(z)]. (1)

The primary benefit of using the Kuiper statistic is that it is as sensitive to discrepan-
cies in the tails of the CDF's as it is sensitive to discrepancies in the medians (Press et

al., 1992).

2.2.2 Generalized Extreme Value Distribution

We utilize the GEV distribution to analyze the block maxima of temperature in
a given location. The GEV distribution is the only possible limit distribution for the prop-
erly normalized extrema of a sequence of independent and identically distributed ran-
dom variables. In this way, the GEV is to extreme value theory what the Gaussian dis-
tribution is to classical statistics (via the Central Limit Theorem) (De Haan & Ferreira,

2006).
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The probability distribution function of the GEV is given by

Pla,t) = —ula, ) e 0, &)
t
where e
<1+§t {x;uﬂ) & #0
u(z,t) = . t (3)
exp [ Utﬂt] §& =0

and z is a random variable, y; € R is the location parameter and roughly corresponds

to the distribution mean, o; > 0 is the scale parameter and corresponds to the distri-
bution variance, and &; € R is the shape parameter that controls the shape and heav-
iness of the distribution tails. Treating each GEV parameter as a function of time is a
natural way to incorporate nonstationarity in the model (see, e.g., Furrer et al., 2010;
Katz, 2010). In the context of temperature extremes, theoretical papers (e.g., Stein, 2017)
have argued that & < 0, and in practice &; is never less than —0.5, as this is the the-
oretical lower bound for maximum likelihood estimation (MLE) algorithms to be well-

posed (Coles, 2001).

We focus on two configurations of the GEV distribution. The first ignores nonsta-
tionary effects and sets the shape parameter to zero, which corresponds to a stationary
Gumbel distribution. This configuration limits the number of free parameters to avoid
overfitting to a small sample of points and avoids the MLE estimator being ill-posed. In-
deed, the shape parameter is constrained by the third moment or higher of the data (Coles,
2001), and because we have a limited sample set, the MLE-estimated shape parameter
is unlikely to be robust. To capture nonstationarity in the system, we leverage a second
Gumbel configuration where the location parameter is allowed to vary linearly with time (Furrer

et al., 2010; Cael et al., 2024),

B = p+ /J/trendt (4)

Note we do not fit a nonstationary trend in the scale parameter as previous studies have
found no change in the size of variability over time (Rhines & Huybers, 2013). We es-
timate GEV parameters (u, o, titrena) and their uncertainties at each grid cell using MLE

and the Wald Hessian method (Coles, 2001), respectively (Supporting Information).

The interpretation of p¢renqg depends on the data being fit. For the results in the
main text, we use annual maximum temperatures relative to the annual mean, making

Ltrend @ test of pure “mean-shifting”: if annual maxima and means warm at the same
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rate, the anomaly distribution is stationary and pigreng = 0. If pigreng > 0, then an-
nual maxima are warming faster than annual means and there is “tail-stretching” in the

distribution. (See the Supporting Information for a diagram demonstrating this point.)

2.3 Return Levels and Critical Return Periods

We can compute the return level X;(p) for a given return period p > 0 at time

t using

Xi(p: &) = pe + o F(p;€), (5)

where

—In(—=In(1-1 , &E=0
TP B e (6)

—t[1-(ma-1/p) ] €0
We can exploit the linearity of (5) in u; and o, that we set the shape parameter to be
fixed, and that F'(p; &) is always increasing with p, to solve for the return period, p;, such
that for all p > p;, misfit in the scale parameter has a greater influence on overall re-
turn level bias than misfit in the location parameter (Supporting Information). This py,

which we will refer to as the critical return period, is given by

[1 — exp (— exp [—dp/d0])] £=0
[1—exp (~ [+ @opsi0] V)] €40

CMIP _

where ;1= [iy pERAS and §g = gEMIP _ gERAS

are the biases between the

~CMIP

CMIP6 ensemble mean of the location parameter and scale parameter, fiy and gEMIP,

respectively, and the ERA5-estimated location and scale parameters, ,ufRAE’ and o

ERA5
respectively. When pf is small (e.g., 10 years), variability (as captured by the scale pa-
rameter) dominates biases in return levels; when p is large (e.g., 1000 years), the mean-

state (as captured by the location parameter) dominates.

3 Results and Discussion
3.1 Can We Reject the GEV Distribution?

Discrepancies between reanalysis and the GEV can arise from: (1) limited sample
size, (2) the GEV model being insufficient to describe the data (“model error”), and (3)
the GEV parameters being chosen incorrectly (“parameter error”). To measure the size

of these sources of error, we carry out two related tests.
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Figure 1. Schematic of Statistical Test of GEV Distribution and Pooled Kuiper
Statistic Distribution. A and C show schematic outlines of our statistical tests to verify our
statistical model. Note Trin is the first year in which we have data and Nyeqrs is the total num-
ber of years in our dataset (Nyears = 45 when T = 1979). In B, black solid lines show the
pooled Kuiper statistic CDF when the empirical CDF of ERA5 annual maximum temperature
anomalies at a given location are compared with the fitted GEV distribution at a given location.
The gold dashed line shows the Kuiper statistic CDF when we compare synthetic samples from

a fitted GEV distribution against a GEV distribution that is fit to the synthetic data. In D,
black solid lines show the pooled Kuiper statistic CDF when the empirical CDF of ERA5 an-
nual maximum temperature anomalies at a given location are compared with the fitted Gumbel
distribution at a given location. The gold dashed line shows the Kuiper statistic CDF when we
compare synthetic samples from a fitted GEV distribution against a Gumbel distribution that is
fit to the synthetic data. See Can We Reject the GEV Distribution? for more information on our
statistical tests. Computations used anomalies in the annual maximum temperature relative to

the annual mean temperature in the same year using reanalysis data from 1979-2024.
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The first test compares errors (1) and (2) (Fig. 1A-B). First, we fit a GEV dis-
tribution at each grid cell to the reanalysis and compute the Kuiper statistic using (1).
Second, we draw bootstrapped samples from the fitted GEV distribution at each grid
cell, fit a GEV to the bootstrapped samples, and compute the Kuiper statistic between
the samples and GEV fit to those samples. We take the same number of samples as we
have years in the reanalysis record. We pool Kuiper statistics at each grid cell and re-

port the cumulative distribution of Kuiper statistics in Fig. 1B.

Fig. 1B shows that small sample size explains nearly 100% of the errors between
reanalysis and the GEV: the gold line in Fig. 1B represent errors in fitting a statistical
model with no model or parameter errors, and the pooled errors are in near-perfect align-
ment with the black lines that are fit to the reanalysis. We therefore cannot reject our
hypothesis that the GEV distribution is fit-for-purpose, justifying its use for the remain-
der of our analysis and in other studies (e.g., Wehner et al., 2020; Kim et al., 2020; Thomp-
son et al., 2023).

However, in practice, we cannot be confident that the shape parameter, ¢, is ro-
bustly estimated when we have < 100 samples (Coles, 2001). The sign of the shape pa-
rameter is known to have substantial implications for risk assessment (Philip et al., 2020),
and theoretical papers have argued that for temperature data the shape parameter is less
than or equal to zero (Stein, 2017). We therefore must also test the validity of our as-

sumption that a Gumbel distribution (which sets £ = 0) describes the data well.

To this end, we first fit a Gumbel distribution to the reanalysis and compute the
Kuiper statistic at each grid cell (black line, Fig. 1D). Second, we fit a GEV distribu-
tion to the reanalysis (allowing £ to vary), draw bootstrapped samples from the fitted
GEYV distribution, fit a Gumbel distribution to the bootstrapped samples, and compute
the Kuiper statistic (gold line, Fig. 1D). By first allowing & to be determined by MLE
and then fitting a Gumbel distribution to samples drawn from the fitted distribution,
we account for misspecification between the distribution we use to sample synthetic data
(a GEV distribution with arbitrary shape parameter) and the model we fit to those sam-

ples (a Gumbel distribution).

As shown in Fig. 1D, parameter errors incurred by our choice of a Gumbel distri-
bution introduce very small discrepancies between the two Kuiper CDFs, supporting our

approximation that the data are Gumbel distributed. The Gumbel distribution fit each

—10—
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type of anomaly we used for annual maximum temperature data best, while a Weibull
distribution where £ = —0.25 fit annual minimum data better than a Gumbel (Support-
ing Information). Our results therefore suggest that any residual misfit of our model at
a given location arises primarily from small sample size rather than model or parame-

ter errors in our statistical model, justifying its use for the remainder of our analysis.

3.2 Insights into the Extreme Temperature Distribution in Reanalysis

In Figs. 2A—B we show the location and scale parameters when nonstationary ef-
fects are excluded, and in Fig. 2C we show the trend in the location parameter when we
include nonstationary effects. The spatial pattern of the location and scale parameters
do not materially change when nonstationary effects are included (Supporting Informa-
tion). We show equivalent plots for other anomaly types, annual minimum temperatures,

and different GEV configurations in the Supporting Information.

We find that the spatial pattern of the stationary piece of the GEV location pa-
rameter and scale parameter in Fig. 2A—B are consistent with the spatial pattern of an-
nual maximum temperature anomalies relative to the annual mean, with the average max-
imum temperature anomaly being larger at high latitudes relative to low latitudes. This
can be explained by the larger seasonal cycle at high latitudes that leads the annual max-
imum temperature (normally occurring in summertime) to be higher than the annual

mean (that is weighed down by wintertime temperatures).

The location parameter trend shown in Fig. 2C highlights the heterogeneity in the
pattern of change for extreme temperatures over land. At the global level, we find that
the area-weighted average location parameter trend is —0.2 4+ 0.5 °C per decade. Our
parametric statistical model therefore corroborates previous non-parametric statistical
work arguing that there is no statistically significant trend (i.e., no “tail-stretching”) in

global extreme temperatures relative to average temperatures (McKinnon et al., 2024).

However, we find that some notable regions have a positive trend in the location
parameter and thus “tail-stretching”: the west coast of the United States, most of South
America, western Europe, and southern Australia all have statistically significant pos-
itive trends, implying that the average maximum temperature is warming faster than
the annual mean. The locations where we find positive “tail-stretching” make up about

14% of the global land surface.

—11—
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Figure 2. GEV Parameters. A shows the location parameter in each grid cell over land

for the stationary Gumbel fit. B is as A but for the scale parameter. C shows the location pa-
rameter trend when we include nonstationary effects in the GEV fit. The location parameter
corresponds to the distribution mean, the scale parameter corresponds to the distribution vari-
ance, and the location trend tests for “tail-stretching” of the distribution. Stippling shows where
we have 95% confidence in the sign of the trend. Temperature anomalies used are annual maxima
relative to the annual mean in the same year from 1979-2024 as computed using ERA5 reanaly-

sis.
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282 We also find negative trends across the eastern United States and Canada, as well

283 as in Siberia and much of central Asia. Grid cells with a significant negative trend make
284 up about 17% of the land surface. Note that a negative trend here does not necessar-

285 ily mean that extreme temperature impacts are getting less troublesome in these regions,
286 since other key drivers of heat stress may have changed and lead to a net increase in heat-

287 related impacts. For example, Van Oldenborgh et al. (2018) show that, even though the

288 annual maximum temperature trend over some parts of India is decreasing (owing to aerosol

289 pollution and internal variability), the wet bulb temperature is increasing over the en-

200 tire country. Both the positive trend over western Europe and the negative trend in the

201 midwestern United States corroborate previous studies on heat extremes in these regions (Vautard

202 et al., 2023; Singh et al., 2023; Schumacher et al., 2024; Kornhuber et al., 2024).

203 3.3 GEV Distribution for Extreme Temperatures in Climate Models
204 We test if climate models agree with reanalysis on the magnitude and trend of ex-
205 treme temperatures by carrying out the same fitting process as ERAS for one initializa-

206 tion of each climate model and for every initialization of MIROC6, NorCPM1, UKESM1-
207 0-LL, and CNRM-ESM2-1 (Materials and Methods). We then compute (1) the median

208 deviation of the climate model against ERA5 for each GEV parameter, where the me-

299 dian is taken over all grid cells, and (2) the correlation coefficient between the reanal-

300 ysis GEV parameter and the climate model GEV parameter, with the regression taken

301 over all grid cells. The median deviation provides a measure of bias, while the correla-

302 tion coefficient indicates how well climate models reproduce the spatial pattern of reanal-
303 ysis distribution parameters.

304 Focusing on the stationary component of the location parameter, we find that all

305 simulations we consider have r-squared values above 0.65; while not perfect agreement,

306 this signals that the spatial pattern of the location parameter stationary piece, and there-
307 fore the average seasonal cycle, is roughly aligned between models and reanalysis. How-
308 ever, despite solid correspondence in the spatial pattern, there can be large biases, in-

300 dicating that even when there is agreement in the spatial pattern of the seasonal cycle,

310 there can still exist discrepancies in the magnitude. These biases appear to be dominated
31 by inter-model uncertainties (blue shadow in Fig. 3A) as opposed to internal variabil-

312 ity (colored shadows in Fig. 3A). These results imply that climate models have some skill

—13—
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Figure 3. Correlation between CMIP6 and ERA5 GEV Parameters across CMIP6
Models. Each panel shows the correlation between a CMIP6 model and ERA5 reanalysis GEV
parameter (see the title) in each grid box plotted against the median deviation between the
model and reanalysis GEV parameter in each grid box. As in Figure 2, the location and scale pa-
rameters plotted in panels A and B show the results when no nonstationary effects are included,
and panel C shows the trend in the location parameter when these effects are included. Note the
number of ensemble members for each model are reported in parentheses in the legend. Outliers
are excluded for visual clarity (CESM2-WACCM is not shown in all panels; in A KACE-1-0-G

is not shown; in B MIROC-ES2L is not shown and one ensemble member of UKESM1-0-LL is
not included in its convex hull). Temperature anomalies used are annual maxima relative to the

annual mean in the same year from 1979-2024.
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in reproducing the pattern of an average mazimum temperature in the historical record,

though they are still far from perfect.

The skill of climate models in reproducing the reanalysis diminishes substantially
for higher order moments of the distribution. For the scale parameter, the 72 maxes out
at 0.65, reflecting discrepancies between climate models and reanalysis in producing the
variability of annual maximum temperatures. ERA5 also tends to have a larger scale pa-
rameter than CMIP6 models, suggesting that CMIP6 models have weaker variability in
extremes than the reanalysis, corroborating dynamical studies (e.g., Vautard et al., 2023).
The ability of models to reproduce the spatial pattern of the trend in the location pa-
rameter is also poor (Fig. 3C). For the scale parameter, inter-model uncertainties dom-
inate internal variability, while for the location parameter trend both uncertainties have

similar magnitudes.

The primary implication of the inability for climate models to reproduce the scale
parameter of the reanalysis is that predictions about the hottest extreme temperature will
be very inconsistent across models. Likewise, mismatches between reanalysis and climate
model location parameter trends will result in inconsistent projections of how the dis-

tribution of extreme temperatures will change over time.

We find that these conclusions are robust for other anomaly types and annual min-
imum temperatures, as well as when we use AMIP model output instead of CMIP6 model
output in the analysis (Supporting Information). We therefore expect that results are
driven by differences in land-atmosphere coupling, model parametrization, or other dif-
ferences; we can, however, rule out atmosphere-land-ocean coupling from driving these
results. This conclusion is supported by the fact that a separate analysis focused only
on the ocean found the multi-model average 72 for the scale parameter to be 0.87 (Cael

et al., 2024), whereas the multi-model average in the present study is 0.50.

How do the differences between the climate model-estimated and reanalysis-derived
distributions of extremes propagate into estimates of extreme temperature risk? Previ-
ous studies have suggested that biases in the location parameter are the leading-order
contributor to biases in return levels between climate models and reanalysis (Kim et al.,
2020). However, Kim et al. (2020) only consider the 20-year return level, which, follow-
ing (7), could have underestimated the role of the scale parameter by focusing on small

return periods. Indeed, in the Supporting Information we show that the marginal sen-
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Figure 4. Critical Return Periods. In A, we show the critical return period as computed
with (7) in the historical record. The critical return period is the period p* such that for all

p > p*, biases in variability dominate biases in the mean-state in determining overall return level
bias. Small (large, resp.) values indicate bias in return levels in CMIP6 as compared to ERA5

are dominated by the variability (the mean-state, resp.). B is as A, but projecting the extreme

temperature distribution out to 2050.
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sitivity of return levels to changes in the scale parameter is larger than that of the lo-
cation parameter for all return periods greater than ~ 3 years when using a Gumbel dis-
tribution. This finding is congruent with previous work suggesting that variability is more
important than the mean in determining extreme temperature risk in similar extreme
value theory-based models (Katz & Brown, 1992). It remains to determine if the total
bias in return levels (that is, the sensitivity multiplied by misfit) is dominated by biases

in variability or the mean-state.

To this end, in Figure 4 we compute the critical return period, as given by (7), in
the historical record (when pizreng = 0, Fig. 4A) and when we project extreme temper-
atures out to 2050 (Fig. 4B). In the historical record (Fig. 4A), we find that the crit-
ical return period is < 10 years for 19% of the land area, and the critical return period
is < 100 years for 40% of the land surface. In these locations, it is therefore the vari-
ability, not the mean, that is the leading order determinant of biases in return levels and

thus projections of climate risk.

In particular, we find that the eastern and midwestern United States, most of Eu-
rope, northwestern South America, Australia, Indonesia, and parts of Russia and China
are variability-dominated. Previous dynamics-based studies focused on the midwestern
United States and western Europe have argued that climate models underestimate the
impact of atmospheric circulation on heat extremes (Patterson, 2023; Singh et al., 2023;
Vautard et al., 2023), as well as misrepresent changes in aerosol forcing (Schumacher et
al., 2024). Similar mechanisms could be leading-order factors in the remaining regions.
In contrast, central South America and central Asia are mean-dominated in the histor-

ical record.

Projecting the extreme temperature distribution out to 2050, we find similar re-
sults in terms of total land area: about 21% of the land surface has critical return pe-
riods of < 10 years and 40% has critical return periods of < 100 years (Fig. 4B). West-
ern Europe persists as being variability dominated along with Indonesia and Australia,
while central Asia remains mean-state dominated. However, the spatial patterns are not
identical between the historical record and in 2050: the midwestern and eastern United
States, as well as eastern Europe, flip from being variability dominated in the histori-
cal record to being mean-dominated in 2050. This could imply that circulation-driven

changes in extreme temperatures found in the historical record are primarily a result of
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internal variability, meaning that as extreme temperatures are projected into the future,
thermodynamic effects (i.e., mean-state) will begin to dominate circulation effects (i.e.,
variability). Southern South America and southern Africa transition from being mean-
state dominated in the historical record to being variability dominated; future research

should focus on possible mechanisms in these regions that could explain this change.

3.4 Conclusion

The extreme value theory-based approach used in this paper unifies two recent find-
ings in the extreme temperatures literature in a single statistical model: that, globally,
there is no statistically significant warming trend in extremes relative to the mean (McKinnon
et al., 2024), while regionally, there are locations with statistically significant positive
and negative trends (Kornhuber et al., 2024). We further found that there are large re-
gions where variability, rather than the mean-state, dominates biases between climate
model and reanalysis projections of extreme temperature risk, contrary to previous find-
ings (Kim et al., 2020). Both the regional heterogeneity, as well as the central role of vari-
ability, highlighted throughout this study in determining the distribution of rare, high-
impact events heightens the need for additional regional models of temperature extremes
that span the full model hierarchy (Shaw & Stevens, 2025) to better inform decision-makers

on relevant levels of climate risk.
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mum likelihood estimation of GEV parameters, a detailed derivation of the critical return
period, and a proof of the relative marginal sensitivity of GEV return levels to bias in the
location and scale parameters.

Table S1 details the climate models used in our analysis.

Figure S1 graphically shows the proof given in Text S3. Figure S2 gives a schematic of

how fi4reng > 0 describes tail stretching. Figures S3-S5 are robustness tests for our Kuiper
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statistic test. Figures S6-S11 are as Figure 2 in the main text but for different extreme
temperature anomalies and GEV specifications. Figures S12-S16 are as Figure 3 in the

main text but for different extreme temperature anomalies.
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Text S1: Maximum Likelihood Estimation of GEV Parameters. This section
briefly outlines the maximum likelihood estimation (MLE) algorithm for computing GEV
parameters and the computational resources utilized to greatly decrease runtime. The

MLE algorithm can be written as

max Z In py (@45 e, 04, &) (1)

(kt,0t,8¢) e

Subject to : g, > 0
where 7' is the maximum time in the interval of analysis, X, is a set of data in a given
year t that we fit the distribution to (e.g., annual maximum temperature in a given grid
cell in 1993) and p(-) is the GEV probability distribution function described in the main
text at a given time t.

We transform the equations in (1) to ensure numerical stability, a common issue when
carrying out nonstationary MLE. Namely, we transform the time variable ¢ from ¢t €
{1979, 1980, ..., 2024} to t € [0,1] using standard normalization. This allows the trend
terms in the GEV parameters to be well-behaved and nearly guarantee stability. After
this transformation, our MLE algorithm converged for 100% of grid cells on average for
each anomaly type we considered. We utilized the SLSQP algorithm to carry out the
maximization (Nocedal & Wright, 2006).

MLE estimation at each grid cell for three types of anomalies is computationally costly;
we estimated that doing so serially for three types of anomalies, ERA5, CMIP6, and
AMIP would take up to 115 hours on a laptop computer. We utilized openMPI (Message

Passing Interface Forum, 2021) and dask (Dask Development Team, 2016) to carry out
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MLE at each grid cell for each anomaly type nearly simultaneously, allowing the process
to take under 3 hours of total wall time.

Finally, we use the Hessian to estimate the standard errors for each estimated parameter;
if the optimal vector of GEV parameters is 8, then the standard error, oy, of GEV
parameter 0; € 0 is given by diagonal element of the inverse Hessian corresponding to 6;,
ie.,

ok = —H(0);}- 2)
The Hessian was computed analytically using Mathematica (Wolfram Research Inc., n.d.)

and coded up by hand.
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Text S2: Critical Return Periods. In this section, we derive Eqn. (2.7) in the main
text for the critical return period p;. Consider the definition of the return level for return

period p at time ¢ given by

Xilp) = e, + oFpE) (3)
:;Xtmea"—state =: X variability (p)

where
—In(=In(1 —1/p)), =0
—H[1= (= -1/p)F] g#0

as in the main text. In our setup, ¢ is treated as a constant prior to carrying out MLE,

F(p;€) = { (4)

so F(p;€) is a multiplier to o for all return periods p. This allows us to cleanly define the

Xjrean=state and the variability contribution to

mean-state contribution to return levels,
return levels, X@riabity(p) in (3). Note that X;"**"~*'*¢ has no dependence on the return
period while X @ity (p) has no time dependence, as we treat the variability as constant
in time (Rhines & Huybers, 2013).

We can use (3) to compute the average return level at time ¢ for return period p in the

CMIP6 ensemble, as

XOMIP (p) = GEMIP 4 GNP F(p; ), (5)

where bars represent ensemble means. We carry out this calculation at each grid cell but
neglect lat/lon subscripts on GEV parameters and return levels for clarity. We can carry

out the same calculation in ERA5 to compute

XF9(p) = w5+ 0P (556), ©
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The difference between (5) and (6) defines the bias in return levels, 6.X;(p), which we

write as

5X(p) = XCMIP (p) — XPRA3(p) = gf M7 — uPPA5 4 (gOMIP — gBRA% ()

- 2
g

=00

-~

=Z6}Lt

= Spy + 00 F(p; €) (7)

where we have defined dy; and do as in the main text. By comparing (7) and the definitions

in (3) we can define

5Xvariability(p) — 5017(]77 5) (8)

5inean—state = 5/'625 (9)

as the variability and mean-state contributions to return level bias, respectively.

We are interested in solving for the p; such that
5Xvariability <p> > 5Xtmeanfstate' (10)

for all p > p;. Using (8), (9), and (4), one can show that §Xvariability(p) > §x nean—state

for all p > p; when we write p; as

[1 — exp (— exp [0 /60])] =0

[1 — exp (— 1+ féﬂt/&ﬂ_l/sﬂ - €40 (11)

p; =

after some algebraic effort in inverting F'(p; ) to solve for p, which completes the deriva-

tion.
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